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The Interaction of Selection and Linkage III* 
Synergistic Etlect of Blocks of Genes 

R .  C.  L E W O N T I N  a n d  13ETER H U L L  I 

Department  of Zoology, University of Chicago, and 

Summary. We have examined the effect of selection 
in populations when the genes controlling the selected 
character do not have uniform recombination relations. 
In particular we have examined the outcome of selection 
for an intermediate optimum phenotype controlled by 
two blocks of genes additive within blocks, but  nmltipli- 
cative between blocks. This is analogous to "main effect" 
genes and "modifiers".  The question examined was what 
effect linkage structures of these groups had on the 
changes in gene frequency and rate of advance under 
selection. 

The results of replicated Monte Carlo runs of large po- 
pulations at three intensities of selection were: 

1. A t ightly linked block of genes maintains genes in 
intermediate gene frequencies, undergoes rapid selections 
of balanced gametic types and shows a very rapid rise in 
fitness followed by a long period of plateau at a fairly high 
fitness value. 

2. A loosely linked block of genes goes to fixation of 
balanced numbers of loci at q = o.o and q = 1.oo. This 
results in a slower rise in fitness but  a higher plateau, 
nearly at a fitness of unity. 

3. When one block of genes is t ight ly linked and the 
other loosely linked the effects of each type of block are 
exaggerated. The loosely linked genes go to fixation more 
rapidly, the t ightly linked genes stay closer to interme- 
diate values, fitness rises more quickly than for loosely 
linked genes but  goes to a higher plateau than for t ightly 
linked genes. 

The  p rev ious  pub l ica t ions  of this  series (LEwoNIIN 
1964a, b) as well as o ther  works on the  t heo ry  of 

* Dedicated to Professor HAI~s STUBBE on the occa- 
sion of his 65th birthday. 

i This investigation was performed under Atomic 
Energy Commission contracts AT(11--1) 1437 and AT 
(3o-- 1) 262o. Part  of the work was done while the authors 
were colleagues in the Biology Department  of the Uni- 
versity of Rochester. 

Depar tment  of Genetics, University of Liverpool 

l inkage and select ion (see BELLMANN and AHRENS, 
1966, for a subs tan t i a l  b ibl iography)  have  concen-  
t r a t e d  on fa i r ly  simple genet ica l  systems.  In  par t i -  
cular  i t  has been conven ien t  to inves t iga te  s imple  
genomes  consis t ing of n loci formed into  1 or several  
l inkage  groups bu t  wi th  the same a m o u n t  of recom- 
b ina t ion  be tween  ad jacen t  genes. Using such models  
it  has been possible to map  out  the  effect  of changing  
the  in tens i ty  of l inkage on the ra te  of progress under  
selection,  the  kinds of g a m e t i c  combina t ions  bui l t  up  
in the  popula t ion ,  the  na tu re  of equi l ibr ia  if any,  and 
so on. Because  of the  ana ly t i c  diff icult ies of these 
complex  processes most  of the work has proceeded by  
the numer ica l  analysis  of var ious  select ion models  
wi th  var ious  p a r a m e t e r  values.  Such quas i -empir ica l  
s tudies  can obvious ly  be ex t ended  in any  direct ion.  
More models  of selection,  more  complex  physiological  
in te rac t ion  be tween  loci, va r ia t ions  in m a t i n g  s t ruc t -  
ure, increas ing numbers  of loci, are all open for s tudy.  
I t  seems to us, however ,  t h a t  an i m p o r t a n t  l acuna  in 
our knowledge  exists  wi th  respect  to the s t ruc tu re  of 
the genet ica l  sys tem itself. 

T h a t  is, one m a y  imagine  tha t  the genes cont ro l l ing  
some charac te r  are not  homogeneous ly  d i s t r ibu ted  
t h rough  the  genome wi th  comple te ly  add i t ive  effects 
bu t  r a the r  t h a t  the genome is organized into  blocks 
of genes, rough ly  add i t ive  among  themselves ,  bu t  
i n t e r ac t ing  wi th  o ther  such blocks to produce  the  
p h e n o t y p e  upon which select ion acts.  The  in t roduc-  
t ion  of such s t ruc tu re  in to  our  models  resul ts  in a 
ve ry  large field of possible inqui ry .  The  n u m b e r  of 
blocks,  the  degree of thei r  in te rac t ion  wi th  each other ,  
the  l inkage re la t ions  among  them,  are all var iables .  
The  p rob lem mus t  then  be a t t a c k e d  piecemeal ,  but  
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with some system in order to see any patterns emer- 
ging from what might be a chaos of results. The first 
of these results, based on a fairly simple model, is 
presented in this paper. More complex ones will 
follow. 

The Model 
We assume a phenotypic character controlled by 

20 genes, divided into two physiological blocks of 
lO genes each. Within each block the genes are 
additive in their effect both between alleles (no 
dominance) and between loci (no epistasis). The 
phenotypic effect of one block, however, multiplies 
with the phenotypic effect of the other block. Thus 
we may give an alternative interpretation to the two 
blocks of genes, considering one as the "main effect" 
block and the other as consisting of modifiers of the 
additive effect of the first block. The exact quanti- 
tative model is as follows: 

Let A, = phenotypic effect of the i th "modifier" locus 

Let Bj = phenotypic effect of the jth "main effect" 
locus 

A,} { o if the locus is homozygous o/o 
= 1 if the locus is heterozygous o/1 

Bj 2 if the locus is homozygous 1/1 
10 10 

Score = 2] Ai .  22 Bj.  ( 1 )  
i=l d=l 

For this model the score has a range from o, when all 
loci in both blocks are homozygous o/o, to 400 when 
all loci in both blocks are homozygous 1/1. 

The mode of selection in our model is a simple 
intermediate optimum with fitness, W, falling off 
linearly as the phenotypic score deviates from the 
optimum. That  is 

S = 1 - -  [score -- optimum[ • K W > o 
W = o otherwise / (2) 

where K is chosen to determine the intensity of 
selection. For example, if we set the optimum equal 
to loo, then a genotype with lO o alleles and lO 
alleles at the modifier loci and the same gene dosage 
at the main effect loci will have a sum of 

score -- 22 A, ~ Bj = ( lO)  ( lO)  = 1OO 

Therefore it will be exactly at the optimum and the 
fitness, W = 1. On the other hand if there were 
lO o alleles and lO 1 alleles at the "modifier" loci, 
but 8 o and 12 1 alleles at the "main effect" loci the 
score would be 

score = Z'  At .  ~Y7 B~ = ( l O )  (12) = 12o 
and 

W ~ - I  - - 2 o K  

If K = .Ol, W = .8, while if K = .1, W = o (since 
it is in fact less than zero). 

In all the results in this paper we have chosen 
a symmetrical optimum model with the optimum 
at lOO. Thus there will be no average selection for 
either o or 2 alleles. As we will see, the actual location 
of the optimum is not critical provided it falls within 
the range of phenotypes produceable under our model. 
Three intensities of selection have been used called 
Strong (S), Medium (M) and Weak (W) corresponding 
to K values of o.1, 0.03 and O.Ol. In the case of S 
selection only one class of genotypes survives that  

with a phenotype of exactly the optimum. In M and 
W selection, fitness falls off more gradually from the 
optimum according to equation 2. 

Five linkage relations were examined for each 
intensity of selection. Tight linkage (T) symbolizes 
1 %  recombination between adjacent genes along the 
chromosome in a block. Loose linkage (L) symbolizes 
5o% recombination between adjacent genes in the 
block. Since there are two blocks of genes, there are 
five possible linkage relations: LL, LT,  TL, T T  and 
T -- T, where L T, for example means that  the genes 
of the first block are loosely linked and the genes of 
the second block tightly linked. The special case 
T -- T stands for tight linkage in both blocks with 
the two blocks tightly linked to each other. 

The Method 

The large number of genes involved in this system 
requires a numerical, rather than a literal solution. 
Even a numerical solution, however, becomes ex- 
tremely cumbersome if exact solutions are attempted. 
With 20 genes, each with 2 alleles, there are 22o = 
1,o48,576 possible gametic types. To calculate the 
change in frequency of each of these in each genera- 
tion as a result of selection and recombination would 
require either the handling of 22o simultaneous equa- 
tions or the construction of a vector of 2 ~'° elements 
by the method of "genetic operators" introduced by 
LEWONTIN (1964 a). This is clearly out of the question 
even for modern high-speed computers so that  an 
alternative must be found. The alternative is to use 
the method of Monte Carlo simulation, first intro- 
duced into genetic problems by FRASER (1957). Usu- 
ally this method is initiated in order to investigate 
the effect of small population size on an evolutionary 
process. In the present case, however, the finite 
population is meant to approximate an infinite one, 
and the sampling error effect introduced by the finite 
population is a distraction. Thus we have used rather 
large populations (5oo males and 5o0 females) and 
replicated each one twice to be certain that any dif- 
ferences observed can really be accounted for by 
changes in parameter values rather than by random 
differences between runs. The complete details of 
Monte Carlo simulation are given by FRASER (1957) 
and by BELLMANN and AHRENS (1966) and will not 
be repeated here since our methods are essentially 
the same as theirs. We use the method of BOFINGER 
and BOFINGER (1958)  for creating random numbers. 
In effect we load the computer with numerical re- 
presentation of diploid individuals' genotypes and 
operate on those numerical representations as if they 
were individuals undergoing selection, mating and 
gamete production. By beginning with a known 
initial population composition we can trace the genet- 
ical evolution of the population in time and see the 
influence of various parameters. 

Results 

I t  would be impossible to present the generation 
by generation results of all replicates in complete 
detail. In particular the questions we are interested 
in are (1) How does the pattern of recombination 
effect the changes n genotypic composition of the 
two blocks of genes over time ? 
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(2) How does the pattern of recombination effect 
the rate of advance of the population under selec- 
tion ? 

(3) What  interaction, if any, is there between the 
pattern of recombination and the intensity of selec- 
tion in determining the rate of change of the popu- 
lation ? 

We will show by graphical, semi-diagrammatic, 
plots the outcome of various parameter sets. In each 
case only one replicate is shown but the differences 
between replicates are small as compared with the 
differences between parameter sets. For the graphs 
of change in percent of the population acceptable, 
the replicates are so close that  no differences can be 
shown at the level of resolution of our graphs. 

The general pattern of response to the particular 
form of selection we have used is shown in Figure 1, 
for three different intensities of selection. Only one 
block of genes is shown and recombination is 50% 
between all gene pairs. The ten loci are started at 
slightly different gene frequencies with the frequency 
of the ~ allele less than .50 in all cases. Because of the 
symmetry  of the model, the first thing that  happens 
is a symmetrizing of all the gene frequencies around 
• 50. This occurs within 15 generations in the medium 
and strong selection runs but requires about 30 gene- 
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rations in the case of weak selection. Thereafter, half 
of the loci go toward fixation at loo% of the 1 allele 
and half go to fixation of o% of the 1 allele. Although 
it is not shown in the graphs explicitly, the mean gene 
frequency of the 1 allele over all ten loci remains 
almost exactly .5 for the entire course of selection 
after the initial rise. 

These results are exactly parallel to those found 
by LEWONTIN (1964b) in an exact treatment of 5-locus 
intermediate optimum models. Figure 1 A, B and C 
of the present paper are essentially the same in all 
features to Figure 5 A, 4 A and 3 A respectively of 
that  earlier publication. Thus, the introduction of 
the stochastic element and the slight change in the 
form of the optimizing selection has no effect on the 
nature of the results. 

We now turn to the first question posed: What 
effect does the recombination pattern have on changes 
in gene frequency ? The answer is given in Figures 2, 
3 and 4. In all three figures we show only the results 
for intermediate selection, the same features appear- 
ing at the other selection intensities. In each case 
one block of genes is shown with initial gene fre- 
quencies at the lO loci of .225, .25o, .275 . . . . . .  425, 
.45o, while the other block is shown with all loci 
starting at an initial gene frequency of .5o. 

In Figure 2 the gene frequencies for both blocks of 
genes are shown to have a similar behavior when both 
blocks have loose linkage (r = .5o). Half of the loci 
in each block go to fixation at q = 1.o and the other 
half if q = o.o, the mean gene frequency in each 
block being held almost exactly at .5o. The gene 
frequencies in the first block of loci fix more rapidly 
because of the initial spread in gene frequencies. 

In Figure 3 the results are shown when the two 
blocks of genes are tightly linked ( r -  .ol) w i t h i n  
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Fig. 3, Sanle as figurc 2 when both blocks of genes are tightly l inked but not 
l inked to each other. 

each block, but there is no linkage between blocks. 
After some initial divergence of gene frequencies, 
there is a much slower spread of the gene frequencies 
so that  after 15o generations there is still no fixation 
of any locus at q =  o . o o r q =  1.o. This is in sharp 
contrast with the loosely linked case shown in Figure 
2. This delay in fixation of genes by selection, as 
a result of tight linkage, was described by LEWONTIN 
(1946b) for an exact t reatment of a 5-locus optimum 
model and the present results simply confirm that  
effect in more complex systems. Surprising results 
are shown in Figure 4 where the "main effect" loci 
are tightly linked (r ~ .Ol) while the "modifier" loci 
are loosely linked. Here a synergistic effect is obser- 
ved. When a comparison is made with figures 2 and 
3 it can be seen that  the loosely linked loci go to 
fixation even faster than in figure 2 while the t ightly 
linked loci keep their intermediate gene frequencies 
even more markedly than in figure 3. That  is the 
loosely linked block and the tightly linked block each 
shows a more exaggerated effect than when both 
blocks have the same degree of linkage. Thus, the 
presence of a tightly linked block of genes diverts 
the effect of natural selection to a loosely linked 
block, causing gene frequency changes to be more 
rapid while, in turn, very little gene frequency change 
occurs for the tightly linked block. We can conclude 
then that  the effect of natural selection in changing 
gene frequencies can be extremely different in diffe- 
rent blocks of genes in the same genome because of 
differences in linkage relations in the genome. More- 
over this variation in effect is enhanced by a synergis- 
tic effect of loosely and tightly linked blocks on each 
other. 

The effect of the various linkage relations on the 
rate of change of fitness in the population is shown 

in figures 5--9. The fitness of the population is the 
proportion of the population saved and this in turn 
is inversely related to the genetic variance of the 
population. The modul of selection is such that  the 
highest probability of survival is for a genotype with 
equal number of o and 1 alleles over its 2o loci. If the 
population consists of large numbers of heterozygotes, 
there will be segregation and generation of extreme 
homozygotes so that  the population has a low fitness. 
However, when the population reaches the stage of 
fixation of genes with half the loci in each block fixed 
at the o allele and half at the 1 allele, there will be no 
further segregation and the fitness of the population 
will be unity. 

Each of the figures 5--9  shows the increase of 
fitness with time for various intensities of selection 
and various linkage relations. In figure 5 is shown 
the changes in fitness corresponding the gene fre- 
quency changes of figure 1. Only a single block of 
genes is considered in order to get a point of com- 
parison for the studies of two blocks. The solid lines 
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in figure 5 show the changes in fitness under  three 
intensities of selection for unlinked genes (r = .50). 
In  the initial generations the fitness is inversely 
proport ional  to the intensi ty of selection as is ex- 
pected since intense selection means tha t  a small 
proport ion of individuals falls in the accepted class. 
However,  the speed of response to selection is directly 
proport ional  to selection intensity. Thus fitness rises 
sooner, more sharply, and to higher values in the 
strongly selected than  in the weakly selected cases. 
This again is hardly surprising. What  is interesting 
is the essential ident i ty  of the results for all the levels 
of selection intensi ty when tight linkage (r = .Ol) is 
considered. Except  for a small difference in speed of 
response in the initial generations, all runs with 
t ight  linkage rise to high fitness and remain at about  
.9 ° with only a very slow increase. The very  rapid 
rise of fitness, followed by  the vir tual  plateau is 
a result of the selection of balanced gametic types in 
the t ight ly  linked cases. Gene frequencies remain at 
intermediate  values, but  repulsion linkages build up 
so tha t  no extreme homozygotes are segregating. The 
loosely linked cases increase in fitness more slowly 
by  the fixation of alleles but  eventual ly  surpass the 
fitness of the t ight ly  linked cases since no segregation 
at all goes on after genes are fixed. These al ternative 
modes of increasing fitness : accumulation of repulsion 
linkages in t ight ly linked genes and fixation of alter- 
nat ive alleles for loosely linked genes was previously 
observed by  LEWONTIN (1964b) for smaller numbers 
of loci and for another  mode of optimizing reaction. 
A new phenomenon in the present results is the 
vir tual  ident i ty  of the fitness levels for all t ight ly 
linked cases, because of the very rapid accumulation 
of repulsion linkages. 

Figure 6 shows the same phenomenon when two 
blocks of genes are considered. Here two unlinked 
(UU) are contrasted with two linked blocks (TT). 
Again the t ight ly  linked blocks cause a much more 
rapid rise in fitness because of selection of repulsion 
gametes and again there is little difference in the level 
of fitness reached in the t ightly linked cases, irrespec- 
t ive of the intensi ty of selection. In figure 6 the cause 
of this equali ty can be seen in detail. The initial 
fitness of the strongly selected case is a little lower 
than for medium selection which is much lower than 
for strong selection. The speed of advance under 
selection is in the reverse order however so tha t  after  
about  20 generations all three cases reach about  the 
same fitness. Thereafter  the more strongly selected 
case actual ly has a slightly higher fitness than  for 
medium selection which is, in turn, slightly higher 
than  weak selection. 

A different form of this comparison is made in 
figures 7, 8 and 9 where the three selection intensities 
are separately  displayed. All three selection inten- 
sities show tha t  t ight linkage causes a more rapid rise 
in fitness than loose linkage. Moreover there is only 
a slight increase in the speed of advance when the 
two linked complexes are linked to each other (TT 
as compared with T - - T ) .  A most  interesting pheno- 
menon appears  when one block of genes is unlinked 
and one t ightly linked. This is best seen in the case 
of strong selection (figure 9) but  the first stages are 
also seen for medium selection (figure 8). In the 
early generations of the evolution of the populat ions 
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the mixed linked and unlinked cases behave like the 
unlinked one. Then, there is a sudden increase in 
fitness surpassing the level of the linked cases. The 
events can best be understood by  noting the difference 
between the curve labelled U T  and tha t  labelled TU.  
In  the first case the unlinked block of genes began 
with a distribution of initial gene frequencies between 
.225 and .45o while the linked block s tar ted with all 
gene frequencies at .5o. Since free recombination 
leads to a faster spread of gene frequencies than 
t ight linkage, the linkage relations in the U T  case 
operate to reinforce the differences already present 
in distribution of gene frequencies. In the T U  case 
however, the t ight  linkage retards further  spread of 
gene frequencies in the frequencies in the "main  
effect" block while the loose linkage of "modif ier"  
genes causes those gene frequencies to spread out 
from their initial values of .5o. As a result the U T  
case shows an earlier rise in fitness than  the T U  case. 
Finally, it should be noted tha t  both U T  and T U  
cases have a higher plateau level of fitness (.95) than 
the T T  or T - -  T cases (.85) because of fixation of 
genes during the early par t  of the selection. 

General Implications of the Results 

Fitness in our model is determined by  an opt imal  
selection scheme and this means tha t  there is strong 
gene interaction on the fitness scale even though the 
genes in each block are additive in determining 
phenotype.  When such strong interactions exist in 
the fitness scale, the effects of linkage relations on the 
progress under selection are very considerable. This 
has already been shown by  LEWONTIN (1964) and our 
present results are in agreement with those earlier 
findings. The present results show in addition tha t  
differentiation of the genomes into loosely linked and 
t ightly linked blocks of genes lead to synergistic 
effects of the linkage. In blocks of loosely linked 
genes fitness is increased by  a fixation of o and 1 alleles 
in equal frequencies so tha t  eventually there is no 
segregation of unbalanced homozygotes.  This is 
a relatively slow process as in comparison with fitness 
changes in t ight ly linked blocks. These la t ter  blocks 
increase in fitness by  selecting among balanced game- 
tes but  do not reach the highest possible fitness 
because of some continued segregation. Thus, when 
fitness in loosely linked blocks finally does rise, in 
later  generations, it surpasses the fitness level of 
t ight ly linked groups of genes. This is i l lustrated in 
figure 5. When there is a mixture  of loosely linked 
and t ightly linked blocks both types of fitness in- 
crease are realized with an exaggeration of both  
effects. Thus fitness rises sooner than it would if all 
the genes were loosely linked, but  it rises higher than 
it would if all the genes were t ightly linked. This is 
best shown in Figure 9. This is in contrast  to the 
si tuation in heterotic equilibrium models discussed 
by  LEWONTIN (1964 a). In case of heterosis, as FISHER 
pointed out in 193o, there is an advantage to t ight 
linkage of all genes concerned in a balanced poly- 

morphism. In  the present case, however, where speed 
of advance under selection and long-time plateaus of 
fitness are concerned, a mixture  of loosely linked and 
t ightly linked blocks is an adapt ively  superior system 
in tha t  it leads bo th  to fairly rapid progress under 
selection and high levels of plateau fitness. This 
fitness plateau, al though lasting m a n y  hundreds of 
generations is of course not permanent .  Eventua l ly  
all the genes become fixed and fitness is unity.  

Zusammenfassung 

Es wurde der Selektionseffekt in Populationen 
untersucht,  wenn Gene, die das selektierte Merkmal 
kontrollieren, keine einheitlichen Rekombinations-  
beziehungen haben. Insbesondere haben wir das 
Selektionsergebnis fiir einen intermedittren optimalen 
Ph/inotyp, der durch zwei Genbl6cke bes t immt wird, 
untersucht,  wobei Additivit/it innerhalb der B16cke, 
aber Multiplikativit/it zwischen den B16cken gilt. 
Dies entspricht , ,Haupteffekt"-Genen und ,,modifi- 
zierenden" Genen. Die zu kl/irende Frage lautete:  
Welchen Einflug iibt die Koppelungsstruktur  dieser 
Gengruppen auf die Anderung der Genh/iufigkeit und 
auf die Fortschrittsgeschwindigkeit  w~thrend der 
Selektion aus. 

Die Ergebnisse wiederholter Monte-Carlo-Simula- 
tionen groBer Populationen bei drei Selektions- 
intensit/iten waren : 

1. Ein eng gekoppelter Genblock h/ilt die Gene bei 
mitt leren Genh/iufigkeiten, unterzieht sich schnellen 
Selektionen balancierter Gametentypen  und zeigt 
einen sehr schnellen Anstieg der Anpassung, dem ein 
langer Abschnit t  bei ziemlich hohem gleichlSleiben- 
dem Anpassungswert folgt. 

2. Ein locker gekoppelter Genblock neigt zur 
Fixierung einer balancierten Anzahl von Loci bei 
q = o.o und q --  1.oo. Dies geschieht bei einem lang- 
sameren Anstieg der Anpassung, aber zu einem 
h6heren Plateau, etwa in der N~ihe von eins. 

3. Is t  ein Genblock eng, der andere locker gekop- 
pelt, so wird der Effekt jedes Blocktypes verst~irkt. 
Die locker gekoppelten Gene kommen schneller zur 
Fixierung, die eng gekoppelten Gene bleiben dicht er bei 
Zwischenwerten, die Anpassung steigt rascher als fiir 
locker gekoppelte Gene an und erreicht ein h6heres 
Plateau als ftir eng gekoppelte Gene. 
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